Observation of the Fano line shapes is essential to understand properties of the Fano resonance in different physical systems. We explore a tunable Fano resonance by tuning the phase shift in a Mach-Zehnder interferometer (MZI) based on a single-mode nano-optomechanical cavity. The Fano resonance is resulted from the optomechanically induced transparency caused by a nano-mechanical resonator and can be tuned by applying an optomechanical MZI. By tuning the phase shift in one arm of the MZI, we can observe the periodically varying line shapes of the Fano resonance, which represents an elaborate manipulation of the Fano resonance in the nanoscale optomechanics.
Observation of the Fano line shapes is essential to understand properties of the Fano resonance in different physical systems. We explore a tunable Fano resonance by tuning the phase shift in a Mach-Zehnder interferometer (MZI) based on a single-mode nano-optomechanical cavity. The Fano resonance is resulted from the optomechanically induced transparency caused by a nano-mechanical resonator and can be tuned by applying an optomechanical MZI. By tuning the phase shift in one arm of the MZI, we can observe the periodically varying line shapes of the Fano resonance, which represents an elaborate manipulation of the Fano resonance in the nanoscale optomechanics. Fano profiles are typically asymmetric line shapes, resulted from quantum interference between discrete energy states and a continuum spectrum [1] . Since the celebrated discovery by Fano [2] , the Fano profiles have been observed in various physical systems with atoms [3] [4] [5] , photons [6] [7] [8] [9] , and solid-state systems [10] [11] [12] . Recently, the Fano profile has also been studied based on the optomechanics [13] , where a nano-mechanical resonator (NAMR) inside an optical cavity interacts with the cavity mode via the radiation pressure.
The field of the optomechanics has become a rapidly developing area of physics and nanotechnology over the past decades. Since the NAMR is very sensitive to the tiny external force, the study of the optomechanics is mainly motivated by the precision measurement, such as the ultra-sensitive detections of the mass [15] , the charge number [16] , the gravitational wave [17] and the displacement (or the force) [18, 19] . Moreover, there have been extensive interests in observing quantum properties of the NAMRs, including optomechanical entanglement [20] [21] [22] , photon blockade [23, 24] , carrier-envelope phase-dependent effect [25] , and optomechanically induced transparency (OMIT) [26] [27] [28] . By adding more continuum spectra into the Fano resonance system, one can gain more degrees of freedom to manipulate the resonance interaction [32] .
In this Letter, we focus on a tunable Fano profile generated by the quantum interference between a quasicontinuum light and an output light from the optome-chanics, via the NAMR-induced OMIT. Such quantum interference is fulfilled by the MZI constructed by an optomechanical system and a phase shifter. The key point of our scheme is the phase tunable Fano profile, which is based on the unique characteristic of the OMIT. The output light from the optomechanics involves both symmetric and asymmetric components. Due to this reason, the Fano profile can be adjusted by tuning the phase in the second continuum light rather than by tuning the input light frequency [13, 14] . Moreover, our scheme presents an ideal case to control the Fano resonance of the optomechanical system by using a phase shifter outside the optomechanical system. Furthermore, compared with the conventional Fano profiles exhibiting sharp asymmetric Fano profiles in transmission or absorption [1] , the Fano profile in our scheme can be tuned periodically, i.e., from a symmetric line shape [32] to an asymmetric one, and then back to a symmetric one. Inverted Fano profiles can be obtained by properly manipulating the phase shifter. We emphasize that, since there are some additional quantum interferences in optomechanics for the OMIT effect, our scheme based on the Mach-Zehnder interferometer (MZI) involves more interferences than in the conventional MZI, which might be practical for the precision measurement using NAMR-based optomechanics.
The core part in our scheme is an optomechanical system sketched in FIG.1 , where a NAMR is suspended in an optical cavity composed of two fixed mirrors with identical finite transmission. The cavity mode, which is driven by a strong external field with the coupling strength ε l and the frequency ω l , interacts with the NAMR by a radiation pressure coupling. In addition, a weak probe light with the frequency ω p is incident into the optical cavity, which is of a large bandwidth and can be considered as
Schematic diagram of an optomechanical system involving a NAMR. The cavity mirrors are highly reflected so that the cavity decay is small. bin represents the input of a vacuum field, aout and bout indicate the reflected and transmitted lights from the optical cavity. Other denotations are defined in the text.
a quasi-continuum light with the OMIT effect. Then, in the rotating frame with the driving field frequency ω l , the Hamiltonian for this system readŝ
where ∆ c = ω c − ω l is the detuning of the driving field frequency ω l from the bare cavity frequency ω c , c is the bosonic annihilation operator of the cavity mode, p and q are the position and momentum operators of a NAMR with the mass m and the frequency ω m , g = ω c /L is the radiation pressure coupling between the cavity field and the NAMR with L being the cavity length [30] . A proper analysis of the system should involve the dissipations, such as the photon loss from the cavity and the Brownian noise from the environment. So the dynamics of the system is governed by the nonlinear quantum Langevin equations
where γ m and κ are introduced as the NAMR decay and the cavity decay, respectively. The quantum Brownian noise ξ comes from the coupling between the NAMR and the environment. The correlation of the noise operator is ξ(t)ξ(t (2) can be solved after all operators are linearized as the steady-state mean values plus the small fluctuations,
with δq, δp and δc being the small fluctuations around the corresponding steady-state values q s , p s and c s , respectively. After substituting Eq.(3) into Eq. (2), ignoring the second-order small terms, and introducing the Fourier transforms f (t) = 1/2π
−iωt dω, we obtain the steady values p s = 0, q s = g|c s | 2 /(mω 2 m ), and c s = ε l /(2κ + i∆) with ∆ = ∆ c − gq s . Then the solution of δc is identical to the one in Ref. [25] ,
with
According to the input-output relation of the cavity [33] , the output field from the port b out is given by [27] 
where we have assumed that the input noises regarding b in , a † in and ξ are negligible compared to the dominant contribution from the input channel a in to the cavity [16, 26, 30] . (7)]. We choose λc ≡ 2πc/ωc = 400 nm, L = 1 mm, m = 1.45 ng, κ = 2π × 10 MHz, ωm = 2π × 30 MHz, γm = 2π × 3 kHz, ∆ = 0.998ωm and ε l = 2P κ/ ωc with P = 5 mW [26, 34, 35] .
To further understand the transmission b out , we employ the following conditions [26, 27] : (i) ∆ ≃ ω m and (ii) ω m ≫ κ. The first condition means that the optical cavity is driven by a red-detuned laser field which is on resonance with the optomechanical anti-Stokes sideband. The second condition is the well-known resolved sideband condition, which ensures a distinguishable splitting of the Probe light
FIG. 3: Mach-Zehnder interferometer (MZI) involving an optomechanical cavity (OM).
In the upper arm, the light is reflected by the mirror M1 and then passes through the OM. The light in the lower arm first passes through an attenuator (ATT), and then experiences a phase shift θ. The two light beams interfere in the second beam splitter (BS2) at the output port before they are detected by the detectors D1 and D2.
normal mode [27] . Moreover, we assume ω ≃ ω m so that there is a strongest coupling between the NAMR and the cavity [26] with
When the driving field and the quasi-continuum probe light are simultaneously incident into the optomechanical cavity, only the probe light with the frequency at ω p = ω c + ω m can be reflected from the output port a out , and the rest transmits to the port b out . The corresponding transmission √ 2κE(ω) = −b out (ω)/a in (ω) involves a symmetric real part (with the even symmetry) and an asymmetric imaginary part (with the odd symmetry) ( see FIG.2 ). The good agreement between the results by FIG.5 and Eq. (7) indicates that the transmitted light is resulted from the OMIT effect [26, 27] . This output light from the optomechanics can be treated as a quasicontinuum light excluding a single-mode component at the frequency ω l − ω m . To the best of our knowledge, this kind of output light for the phase-tuning Fano profile is an unique characteristic of our model involving the optomechanics and has never been reported previously in other physical systems.
We present below how to control the Fano profile via phase-tuning in one of the arms of the MZI. The setup for such tunable Fano profiles is presented in FIG.3 , where the probe light is a quasi-continuum field. After this probe light a 0 (ω) along with the vacuum field a 1 (ω) is sent into the first beam splitter (BS1) of the MZI, the two fields are split into two superposition fields as [36] ,
We assume that the optical-path difference between the two arms of the MZI is integral times of the wavelength. When the light beam in a 2in (ω) [=a in (ω) in  FIG.1 ] passes through the optomechanical system, the output light from the optomechanics owns both symmetric real and asymmetric imaginary components. On the other hand, the quasi-continuum light in the lower arm a 3in (ω) passes through an attenuator (ATT) and experiences a phase shift θ. Thus the modes a 2in (ω) and a 3in (ω) can be written as
where µ 2 = |a 2out (ω)/a 3out (ω)| 2 depends on the amplitude transmission of the optomechanics as well as the ATT absorption in the MZI. The output light a 2out (ω) is much weakened due to the highly reflected mirror of the optomechanical cavity, and excludes a single-mode component at the frequency ω l −ω m . The other light a 3out (ω) is a quasi-continuum light, which is also weak after experiencing the ATT. If we assume the light a 2out (ω) to be of the unit intensity, the phase-shifted light a 3out (ω) is of the intensity 1/µ 2 . The two lights interfere in the second beam splitter (BS2) before they are measured by the detectors. The corresponding output lights are given by
As an example, we consider below the output spectrum of the mode a 4 (ω), defined by
where S out is the spectrum of the output light, which will be defined later.
To observe this output spectrum, we introduce the correlation functions of the quasi-continuum probe field and the input vacuum field, respectively, [37] 
and
with S in (ω) being the spectrum of the input field. Substituting Eq. (12) and Eq. (13) into Eq. (11), the spectrum of the output field a 4 (ω) is given by with
where R s (ω) indicates the quantum interference in the output light from the optomechanics (self-interference), while R cs (ω) attributes to the compound interference (cross-interference) between the quasi-continuum light in the lower arm and the output light from the optomechanics in the upper arm. Different from the conventional MZI, the optomechanical output light itself is the result of the interference caused by the OMIT, which yields R cs (ω) containing a symmetric component ℜ[E(ω)] and an asymmetric one ℑ[E(ω)]. What is more, the contributions regarding the symmetric and asymmetric parts can be adjusted by the phase shift at our will. As a result, the Fano profiles in our scheme are fully controllable by the phase tuning, whose effect can be observed directly from the output spectrum of the MZI. 
with µ 2 − 2µ < 0 for 0 < µ ≤ 1. It indicates that the profile of R(ω) is very similar to that of the function − √ 2κℜ[E(ω)] which is inverted with respect to the function √ 2κℜ[E(ω)]. In conclusion, motivated by recent development of nanotechnology, we have studied the tunable Fano profile in an optomechanical system by the phase tuning in the MZI. These phase-controlled Fano profiles are generated by two kinds of quantum interferences and vary periodically under our exact control. Since the NAMR has become a state-of-the-art device for metrology and the Fano profile in our scheme involves more interferences, we believe that our elaborate manipulation of the Fano resonance would arouse widespread application, such as the precision measurement, with the NAMR-based optomechanics.
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